The isovariant version of Borsuk-Ulam type theorems has been studied by Wasserman and the first author. In this paper, first we consider the relation between the existence of C n -isovariant maps from free C n -manifolds to representation spheres and BorsukUlam type inequalities for their dimensions. Our main result classifies the C n -isovariant maps by C n -isovariant homotopy types when a Borsuk-Ulam type inequality holds. For proving it, we use the multidegree of a C n -equivariant map developed by the first author.
Introduction
Throughout this paper, all maps are understood to be continuous. Borsuk-Ulam theorem says that if there is a continuous map between spheres f : S m → S n such that f (−x) = −f (x) for all x ∈ S m , then m n holds [1] . From a viewpoint of the theory of transformation groups, this theorem is read as follows. In the theory of equivariant topology, Borsuk-Ulam type theorems are one of the most basic theorems, since they state whether a G-equivariant map exists or not between given G-spaces. Recently one of such Borsuk-Ulam type results played an important role in a partial solution of the 11/8-conjecture [6] . Moreover, it has been generalized in various directions and applied in several areas of mathematics, for example, combinatorics [9] , nonlinear analysis [13, 14] , and so on.
Let G be a group. Suppose X and Y are G-spaces. A G-equivariant map ϕ : X → Y is called a G-isovariant map, if it preserves the isotropy groups, that is, G x = G ϕ(x) holds for all x ∈ X. We note that if ϕ : X → Y is G-equivariant, it always holds that G x ⊂ G ϕ (x) for each x ∈ X. For G-homotopy equivalent G-isovariant maps ϕ, ψ : X → Y , let F : X × [0, 1] → Y be a G-homotopy from ϕ to ψ . If F is a G-isovariant map, it is called a G-isovariant homotopy from ϕ to ψ , and it is said that ϕ and ψ are G-isovariantly homotopic. We denote by [X, Y ] isov G the G-isovariant homotopy classes of all G-isovariant maps from X to Y . Various theories and results in the isovariant setting have been obtained by several authors. For example, isovariant surgery theory on a stratified set [2, 4] , isovariant homotopy theory [5] , the isovariant s-cobordism theorem [2, 8] , and so on. The following isovariant Borsuk-Ulam theorem was proved by Wasserman [15] . 
Proposition 1.2 (Isovariant Borsuk-Ulam theorem
where W G is the G-fixed point set.
Various results concerning the relations between Borsuk-Ulam type inequalities and the existence of isovariant maps have been also studied by the first author [10] [11] [12] . In this paper, we begin by considering similar problem in the following situation: G is a finite group, the source space is a mod |G|-homology sphere on which G acts freely, where a mod|G|-homology sphere means a closed manifold whose homology groups are isomorphic to those of a sphere with Z/|G| coefficients. The target space is a unitary representation sphere; namely, the unit sphere of a unitary representation of G. Our first result is: 
holds, where if SW >1 = ∅, we put dim SW >1 = −1.
We next consider the converse of Corollary B when G is finite cyclic. Let C n denote a cyclic group of order n. Our second result is concerning the existence of C n -isovariant maps under the inequality (1).
Theorem C. Let M be an m-dimensional arcwise connected orientable closed C ∞ -manifold with an orientation preserving free C n -action, and W a faithful unitary representation space of C n . If the inequality
Under the assumption of Theorem C, we will discuss the classification problem of C n -isovariant maps f : M → SW by C n -isovariant homotopy types; in particular, we investigate the structure of and H ∈A Z. To construct this correspondence in Section 5, we will define the multidegree mDeg f which takes the value in H ∈A Z for every C n -map f : M → SW free , where SW free = SW \ SW >1 . Theorem D in Section 5 is a Hopf-type theorem for the multidegrees of the C n -maps and the key result for the classification problem of G-isovariant maps. Incidentally, the concept of a multidegree was originally introduced by the first author for showing the existence of the S 1 -isovariant maps from a rational homology sphere to a representation sphere [11] . This paper is organized as follows. In Section 2, we prove Theorem A and Corollary B. In Section 3, we give a quick review from the equivariant obstruction theory in our setting which is used for proving Theorems C and D. Section 4 presents a proof of Theorem C. Section 5 is devoted to the explanation of our main results. After defining the multidegree of a C n -map from M to SW free , we state Theorem D which is a Hopf-type theorem for the multidegrees and Corollary E which is the solution of our classification problem, while their proofs are given in Section 6. In the last section, we illustrate a couple of examples.
Borsuk-Ulam type inequalities
In this section, we prove Theorem A. Throughout this section, G is a finite group, W is a unitary representation space of G, and M is a C ∞ G-manifold which satisfies the conditions given in the statement of Theorem A. For a subgroup H of G, let (W H ) ⊥ denote the orthogonal complement of W H in W with respect to the Hermitian product. We note that (W H ) ⊥ is also a representation space of H .
Lemma 2.1. Let p be a prime factor of |G|. If there exists a G-isovariant map
is free, and there exists a C p -homotopy equivalence between SW \ SW C p and S((W C p ) ⊥ ) given by the composition
Proof of Theorem A. By the homological assumption on M, it holds that H * (M; Z/p) ∼ = H * (S m ; Z/p) for any prime factor p of |G|. By applying the C p -Borsuk-Ulam theorem [7] to the
Hence for any subgroup H = {e}, it holds that
Since dim SW >1 = max {e} =H G dim SW H , Corollary B is an immediate consequence of Theorem A.
Equivariant obstruction theory
For the convenience of the readers, we give a quick review of the equivariant obstruction theory in our setting. This theory is the main tool for proving Theorems C and D. The notations and propositions in this section are based on tom Dieck's book [3] .
Let G be a finite group. We first introduce suitable equivariant cohomology groups in our setting. Let (X, A) be a relative G-CW complex such that G acts freely on X \ A, namely the n-skeleton X n is obtained from X n−1 by attaching free n-cells. The filtration (X n | n ∈ Z) leads to a cellular chain complex C * (X, A)
where homology groups are singular homology groups with coefficients in Z and d is the boundary homomorphism in the homology exact sequence for the triple {(X n+1 , X n , X n−1 )}.
For any integer n ∈ Z, the G-action on X n induces a G-action on H n (X n , X n−1 ). Then, H n (X n , X n−1 ) is a left ZGmodule and C * (X, A) becomes a chain complex of such modules. For any left ZG-module π , the cochain complex 
In addition, if G acts trivially on π n (Y ), we obtain
The following proposition shall be used for proving Theorems C and D. (
Existence of isovariant maps
Let M be an m-dimensional arcwise connected orientable closed C ∞ -manifold with an orientation preserving free C n -action, and W a unitary representation space of C n . Set
where Iso(SW) is the set of isotropy groups of SW. We begin this section by proving the following lemma. (2) Since W is a unitary C n -representation, the C n -action on π k−1 (SW free ) can extend to an S 1 -action on π k−1 (SW free ). Hence, the map induced by g ∈ C n is homotopic to the map induced by the identity element e ∈ C n . Thus, C n acts trivially on π k−1 (SW free ). 2 
Proof. Set
By the (k − 2)-connectivity of SW free , we have H q (M/C n ; π q−1 (SW free )) = 0 for q k − 1. By Proposition 3.1, this shows the existence of a C n -map f from M to SW free both of which have free C n -action. Since f (M) ⊂ SW free , f is also a C n -isovariant map from M to SW. 2
Isovariant homotopy classes
In this section, we discuss the classification problem of C n -isovariant maps between M and SW under the assumption of Theorem C. Since the C n -action on M is assumed to be free,
holds. For our purpose, we use equivariant obstruction theory and define the multidegree for a C n -equivariant map. The obstruction to C n -homotopy types lies in
Proof. Since SW free is (k − 2)-connected by Lemma 4.2, we have H q (M/C n ; π q (SW free )) = 0 for q k − 2. Hence the obstruction vanishes; thereby all C n -isovariant maps from M to SW are C n -isovariantly homotopic. 2
Next, we consider the problem when dim M = k − 1. The cohomology group H q (M/C n ; π q (SW free )) vanishes if q = k − 1 by a similar argument in the proof of Proposition 5.1. Thus, the obstruction lies in
Lemma 5.2. Let W be a faithful unitary C n -representation.
are isomorphic.
Proof. (1) By definition, we see that dim(SW
Thus, by a general position argument, i * is an isomorphism.
(2) By Lemma 4.2 and the Hurewicz theorem, h is an isomorphism. By a similar argument to Lemma 4.2, SW A-free is also arcwise connected and (k − 2)-connected. Hence it follows from the Hurewicz theorem that h is an isomorphism. 2 Lemma 5.3. Let W be a faithful unitary C n -representation. Then, there is an isomorphism
given by the following composite of isomorphisms:
where i, j and i H are inclusions.
Proof. By investigating the structure of H k−1 (SW A-free ), we will construct the isomorphism Φ.
Consider the Mayer-Vietoris exact sequence:
is a bijection.
Proof of the main result
In this section, we prove Theorem D presented in the previous section.
The map ρ Cn (f 0 ) defined in Lemma 6.1 depends on the choice of f 0 which is called a reference map. Set
and
We define a homomorphismτ : (M) . Then, by [3, II, ,τ induces the norm homomorphism
By forgetting the C n -action, the forgetful map
is defined.
Since dim M/C n = k − 1 and the action of C n on M is orientation preserving, we obtain that
Since this cohomology group is torsion free, it follow from Lemma 6.2 that τ •ε is injective; thereby, ε is injective. 2
Lemma 6.4. The norm homomorphism
is an isomorphism.
Examples
Here we give a couple of examples. Put n = pq, where p and q are distinct primes. Let g be a generator of C n . Let T m denote the irreducible unitary representation of C n given by ρ m : C n → U(1) defined by ρ m (g)(z) = ζ m z, where ζ = exp(2πi/n). When we denote the greatest common divisor of two integers m and n by (m, n), we note that ker ρ m = C (m,n) .
Example 7.1. Suppose M = ST 1 and SW = S(T p ⊕ T q ). We determine the structure of
, which is a Hopf-link in SW. Hence, it holds that dim M + 1 = k = 2, which shows the existence of C n -isovariant maps from M to SW.
Next, we classify the C n -isovariant maps. We see that A = {C p , C q }. Now we define a map f α,β :
where α, β ∈ Z. Then, one can easily check that it is a C n -isovariant map. By the definition of Φ, we obtain
If taking f 0,0 as the reference map, we can construct a bijection 
